
1 Obecná deformačńı metoda
1.1 Spojitý nosńık
Obecnou deformačńı metodou vypoč́ıtejte a vykreslete vnitřńı śıly spojitého nosńıku na obrázku 1. Nosńık
má obdélńıkový pr̊uřez o rozměrech 0.4×0.6 m. Nosńık je na obou konćıch vetknutý a uprostřed rozpět́ı je
umı́stěna posuvná podpora. Zat́ıžeńı nosńıku je tvořeno osamělou silou o velikosti 20 kN a sklonem 60 ◦,
rovnoměrným zat́ıžeńım s intenzitou 5 kNm−1 na délce 2 m a osamělým momentem o velikosti 10 kNm
umı́stěným 2 m od podpory b. Materiál nosńıku má modul pružnosti E = 36 GPa.

Obrázek 1: Schéma nosńıku

Základńı soustavu rovnic pro řešeńı úlohy můžeme zapsat:

[k] · {r} = {F } (1)

kde [k] = matice tuhosti prutové soustavy, {F } = silový vektor, {r} = vektor neznámých deformaćı.
Pr̊uřezová plocha nosńıku je

A = b · h = 0.4 · 0.6 = 0.24 m2

Moment setrvačnosti pr̊uřezu je

Iy = 1
12 · b · h

3 = 1
12 · 0.4 · 0.6

3 = 0.0072 m4

1. Sestav́ıme výpočtový model viz obrázek 2. Uzly si označ́ıme ṕısmeny a, b, c a urč́ıme minimálńı
stupeň přetvárné neurčitosti np. V rovinné úloze má každý styčńık 3 stupně volnosti (ui, wi, ϕi).
Jeden posun ve směru globálńı osy X, ve směru osy Z a jedna rotace kolem osy Y (proti směru
hodinových ručiček). Globálńı vektor parametr̊u deformace (neznámé deformace) {r} je v našem
př́ıpadě {r} = {ub, ϕb}T ⇒ np = 2.

{r} =
{

ub

ϕb

}
(2)

Obrázek 2: Výpočtový model

2. Spojitý nosńık je rozdělen na dva pruty a-b a b-c, obr. 3.

Obrázek 3: Rozděleńı nosńıku na 2 oboustranně vetknuté pruty a-b a b-c

Fx = F · cos(α) = 20 · cos(60 ◦) = 10 kN
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Fz = F · sin(α) = 20 · sin(60 ◦) = 17.32 kN

Pro výpočet matice tuhosti obou prut̊u použijeme tab. 11.3a (tab. 8.3a), protože oba pruty jsou
oboustranně vetknuté. Matice tuhosti je symetrická. Matice tuhosti pro oba [kab] a [kbc] jsou stejné,
protože délka, pr̊uřezová plocha, moment setrvačnosti a modul pružnosti jsou pro oba pruty stejné.

[kab] = [kbc] =

=



1.44 0 0 −1.44 0 0
0 0.0144 −0.0432 0 −0.0144 −0.0432
0 −0.0432 0.1728 0 0.432 0.0864

−1.44 0 0 1.44 0 0
0 −0.0144 0.0432 0 0.0144 0.0432
0 −0.0432 0.0864 0 0.0432 0.1728


[
·109 N

m

]

Pokud bychom měli za úkol vypoč́ıtat pouze vektor neznámých deformaćı {r}, potřebovali bychom
pouze některé prvky matice tuhosti [k] a vektoru primárńıch koncových sil

{
R̄
}

. Tyto prvky jsou
zvýrazněné dále v textu šedou barvou.

[kab] =

ua(0) wa(0) ϕa(0) ub(1) wb(0) ϕb(2)

1.44
0
0

−1.44
0
0

0
0.0144
−0.0432

0
−0.0144
−0.0432

0
−0.0432
0.1728

0
0.0432
0.0864

−1.44
0
0

1.44
0
0

0
−0.0144
0.0432

0
0.0144
0.0432

0
−0.0432
0.0864

0
0.0432
0.1728



ua(0)
wa(0)
ϕa(0)
ub(1)
wb(0)
ϕb(2)

[
·109 N

m
]

[kbc] =

ub(1) wb(0) ϕb(2) uc(0) wc(0) ϕc(0)

1.44
0
0

−1.44
0
0

0
0.0144
−0.0432

0
−0.0144
−0.0432

0
−0.0432
0.1728

0
0.0432
0.0864

−1.44
0
0

1.44
0
0

0
−0.0144
0.0432

0
0.0144
0.0432

0
−0.0432
0.0864

0
0.0432
0.1728



ub(1)
wb(0)
ϕb(2)
uc(0)
wc(0)
ϕc(0)

[
·109 N

m
]

Použit́ım zvýrazněných prvk̊u matice sestav́ıme globálńı matici tuhosti prutové soustavy

[k] =


1.44 · 109

+1.44 · 109
0

+0
0

+0
1.728 · 108

+1.728 · 108

 =
(

2.88 · 109 0
0 3.456 · 108

)
(3)

3. Zatěžovaćı vektor {F } je roven rozd́ılu vektoru uzlového zat́ıžeńı {S} a primárńıho vektoru kon-
cových sil

{
R̄
}

(čárka nad R znač́ı, že se jedná o primárńı vektor). V našem př́ıkladě neńı žádné
uzlové zat́ıžeńı, z čehož vyplývá nulový vektor uzlových zat́ıžeńı {S} = ∅.

{F } = {S} −
{

R̄
}

(4)

Primárńı vektor koncových sil
{

R̄ab
}

pro prut zat́ıžený osamělou silou urč́ıme podle tab. 11.2c
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(14.10 řádek 2) (tab. 8.1a/2)

{
R̄ab

}
=



X̄ab

Z̄ab

M̄ab

X̄ba

Z̄ba

M̄ba


=



−5000
−8660
12990
−5000
−8660
−12990


[N] (5)

Primárńı vektor koncových sil
{

R̄1
bc
}

pro rovnoměrné zat́ıžeńı sestav́ıme podle tab. 14.10(řádek 11)
(tab. 8.1a/7)

{
R̄1

bc
}

=



X̄1
bc

Z̄1
bc

M̄1
bc

X̄1
cb

Z̄1
cb

M̄1
cb


=



0 0
−9074 − q·a

2·l3

[
2 · l ·

(
l2 − a2)+ a3]

6111 q·a2

12·l2

(
6 · b2 + 3 · a · b+ a · l

)
0 0
−926 − q·a3

2·l3 (l + b)
−1667 − q·a3

12·l3 (3 · b− l)


[N]

Primárńı vektor koncových sil
{

R̄2
bc
}

pro zat́ıžeńı osamělým momentem urč́ıme podle tab. 11.2d
(14.10 řádek 9) (tab. 8.1a/3)

{
R̄2

bc

}
=



X̄2
bc

Z̄2
bc

M̄2
bc

X̄2
cb

Z̄2
cb

M̄2
cb


=



0
−2222

0
0

2222
3333


[N]

Primárńı vektor koncových sil
{

R̄bc
}

{
R̄bc

}
=
{

R̄1
bc
}

+
{

R̄2
bc
}

=



X̄bc

Z̄bc

M̄bc

X̄cb

Z̄cb

M̄cb


=



0
−11296

6111
0

1296
1666


[N] (6)

Zatěžovaćı vektor {F } urč́ıme podle rovnice 4. Pro výpočet využijeme pouze hodnoty odpov́ıdaj́ıćı
neznámým deformaćım ub a ϕb.

{F} = {∅} −
{

−5000 + 0
−12990 + 6111

}
=
{

5000
6879

}

4. Vektor neznámých deformaćı {r} źıskáme řešeńım soustavy np = 2 rovnic o np = 2 neznámých.(
2.88 · 109 0

0 3.456 · 108

)
·

{
ub

ϕb

}
=
{

5000
6879

}
{

ub

ϕb

}
=
{

1.736 · 10−6

19.905 · 10−6

}[
m

rad

]
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5. Nyńı vyřeš́ıme vektor koncových sil.
{

R̂bc

}
je sekundárńı vektor koncových sil (značeno stř́ı̌skou).

Pro řešeńı opět potřebujeme pouze zvýrazněné prvky – sloupce, které maj́ı vztah s neznámými
deformacemi.

{Rab} =
{

R̄ab
}

+
{

R̂ab

}
=
{

R̄ab
}

+ [kab] · {rab} (7)

{Rbc} =
{

R̄bc
}

+
{

R̂bc

}
=
{

R̄bc
}

+ [kbc] · {rbc} (8)

{Rab} =



Xab

Zab

Mab

Xba

Zba

Mba


=



−5000
−8660
12990
−5000
−8660
−12990


+

+



1.44 0 0 −1.44 0 0
0 0.0144 −0.0432 0 −0.0144 −0.0432
0 −0.0432 0.1728 0 0.0432 0.0864

−1.44 0 0 1.44 0 0
0 −0.0144 0.0432 0 0.0144 0.0432
0 −0.0432 0.0864 0 0.0432 0.1728





0
0
0

1.736
0

19.905


· 103

{Rbc} =



Xbc

Zbc

Mbc

Xcb

Zcb

Mcb


=



0
−11296

6111
0

1296
1666


+

+



1.44 0 0 −1.44 0 0
0 0.0144 −0.0432 0 −0.0144 −0.0432
0 −0.0432 0.1728 0 0.0432 0.0864

−1.44 0 0 1.44 0 0
0 −0.0144 0.0432 0 0.0144 0.0432
0 −0.0432 0.0864 0 0.0432 0.1728





1.736
0

19.905
0
0
0


· 103

Násobitel 103 byl źıskán součinem násobitele matice tuhosti 109 a násobitele vektoru deformaćı
10−6.

{Rab} =



Xab

Zab

Mab

Xba

Zba

Mba


=



−7500.16
−9519.90
14709.80
−2500.16
−7800.00
−9550.00


[N,Nm]

{Rbc} =



Xbc

Zbc

Mbc

Xcb

Zcb

Mcb


=



2500
−12156

9550
−2500

2156
3385


[N,Nm]
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Obrázek 4: Kontrola rovnováhy na prutu [kN, kNm]

6. Kontrola rovnováhy na prutu – obr. 4.

Bar a− b∑
Fx = 0 : −7.50 + 10− 2.50 = 0∑
Fz = 0 : −9.52 + 17.32− 7.8 = 0∑
Ma = 0 : 14.71− 17.32 · 3− (−7.8) · 6 + (−9.55) = 0

Bar b− c∑
Fx = 0 : 2.50 + (−2.50) = 0∑
Fz = 0 : −12.16 + 5 · 2 + 2.16 = 0∑
Mb = 0 : 9.55− 5 · 22

2 + 10 + 3.39− 2.16 · 6 = 0

7. Kontrola rovnováhy v bodech a, b a c – obr. 5.

Obrázek 5: Force equilibrium in nodes a, b and c [kN, kNm]

Node a∑
Fxa = 0 : Rax − (−7.50) = 0⇒ Rax = −7.50 kN∑
Fza = 0 : Raz + (−9.52) = 0⇒ Raz = 9.52 kN∑
Ma = 0 : Mc − 14.71 = 0⇒Ma = 14.71 kNm

Node b∑
Fxb = 0 : −2.50 + 2.50 = 0∑
Fzb = 0 : Rbz − 7.80− 12.16 = 0⇒ Rbz = 19.96 kN∑
Mb = 0 : −9.55 + 9.55 = 0

Node c∑
Fxc = 0 : Rcx − (−2.50) = 0⇒ Rcx = −2.50 kN∑
Fzc = 0 : Rcz + 2.16 = 0⇒ Rcz = −2.16 kN∑
Mc = 0 : Mc − 3.39 = 0⇒Mc = 3.39 kNm
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8. Diagramy vnitřńıch sil (N – normálová śıla, V – posouvaj́ıćı śıla, M – ohybový moment) – obr. 6.

Obrázek 6: Vnitřńı śıly
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