
1 Obecná deformačńı metoda
1.1 Spojitý nosńık
Obecnou deformačńı metodou vypoč́ıtejte a vykreslete vnitřńı śıly spojitého nosńıku na obrázku 1. Nosńık
má obdélńıkový pr̊uřez o rozměrech 0.4×0.6 m. Nosńık je na obou konćıch vetknutý a uprostřed rozpět́ı je
umı́stěna posuvná podpora. Zat́ıžeńı nosńıku je tvořeno osamělou silou o velikosti 20 kN a sklonem 60 ◦,
rovnoměrným zat́ıžeńım s intenzitou 5 kNm−1 na délce 2 m a osamělým momentem o velikosti 10 kNm
umı́stěným 2 m od podpory b. Materiál nosńıku má modul pružnosti E = 36 GPa.

Obrázek 1: Schéma nosńıku

Základńı soustavu rovnic pro řešeńı úlohy můžeme zapsat:

[k] · {r} = {F } (1)

kde [k] = matice tuhosti prutové soustavy, {F } = silový vektor, {r} = vektor neznámých deformaćı.
Pr̊uřezová plocha nosńıku je

A = b · h = 0.4 · 0.6 = 0.24 m2

Moment setrvačnosti pr̊uřezu je

Iy = 1
12 · b · h

3 = 1
12 · 0.4 · 0.6

3 = 0.0072 m4

1. Sestav́ıme výpočtový model viz obrázek 2. Uzly si označ́ıme ṕısmeny a, b, c a urč́ıme minimálńı
stupeň přetvárné neurčitosti np. V rovinné úloze má každý styčńık 3 stupně volnosti (ui, wi, ϕi).
Jeden posun ve směru globálńı osy X, ve směru osy Z a jedna rotace kolem osy Y (proti směru
hodinových ručiček). Globálńı vektor parametr̊u deformace (neznámé deformace) {r} je v našem
př́ıpadě {r} = {ub, ϕb}T ⇒ np = 2.

{r} =
{

ub

ϕb

}
(2)

Obrázek 2: Výpočtový model

2. Spojitý nosńık je rozdělen na dva pruty a-b a b-c, obr. 3.

Obrázek 3: Rozděleńı nosńıku na 2 oboustranně vetknuté pruty a-b a b-c

Fx = F · cos(α) = 20 · cos(60 ◦) = 10 kN
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Fz = F · sin(α) = 20 · sin(60 ◦) = 17.32 kN

Pro výpočet matice tuhosti obou prut̊u použijeme tab. 11.3a (tab. 8.3a), protože oba pruty jsou
oboustranně vetknuté. Matice tuhosti je symetrická. Matice tuhosti pro oba [kab] a [kbc] jsou stejné,
protože délka, pr̊uřezová plocha, moment setrvačnosti a modul pružnosti jsou pro oba pruty stejné.

[kab] = [kbc] =

=



1.44 0 0 −1.44 0 0
0 0.0144 −0.0432 0 −0.0144 −0.0432
0 −0.0432 0.1728 0 0.432 0.0864

−1.44 0 0 1.44 0 0
0 −0.0144 0.0432 0 0.0144 0.0432
0 −0.0432 0.0864 0 0.0432 0.1728


[
·109 N

m

]

Pokud bychom měli za úkol vypoč́ıtat pouze vektor neznámých deformaćı {r}, potřebovali bychom
pouze některé prvky matice tuhosti [k] a vektoru primárńıch koncových sil

{
R̄
}

. Tyto prvky jsou
zvýrazněné dále v textu šedou barvou.

[kab] =

ua(0) wa(0) ϕa(0) ub(1) wb(0) ϕb(2)

1.44
0
0

−1.44
0
0

0
0.0144
−0.0432

0
−0.0144
−0.0432

0
−0.0432
0.1728

0
0.0432
0.0864

−1.44
0
0

1.44
0
0

0
−0.0144
0.0432

0
0.0144
0.0432

0
−0.0432
0.0864

0
0.0432
0.1728



ua(0)
wa(0)
ϕa(0)
ub(1)
wb(0)
ϕb(2)

[
·109 N

m
]

[kbc] =

ub(1) wb(0) ϕb(2) uc(0) wc(0) ϕc(0)

1.44
0
0

−1.44
0
0

0
0.0144
−0.0432

0
−0.0144
−0.0432

0
−0.0432
0.1728

0
0.0432
0.0864

−1.44
0
0

1.44
0
0

0
−0.0144
0.0432

0
0.0144
0.0432

0
−0.0432
0.0864

0
0.0432
0.1728



ub(1)
wb(0)
ϕb(2)
uc(0)
wc(0)
ϕc(0)

[
·109 N

m
]

Použit́ım zvýrazněných prvk̊u matice sestav́ıme globálńı matici tuhosti prutové soustavy

[k] =


1.44 · 109

+1.44 · 109
0

+0
0

+0
1.728 · 108

+1.728 · 108

 =
(

2.88 · 109 0
0 3.456 · 108

)
(3)

3. Zatěžovaćı vektor {F } je roven rozd́ılu vektoru uzlového zat́ıžeńı {S} a primárńıho vektoru kon-
cových sil

{
R̄
}

(čárka nad R znač́ı, že se jedná o primárńı vektor). V našem př́ıkladě neńı žádné
uzlové zat́ıžeńı, z čehož vyplývá nulový vektor uzlových zat́ıžeńı {S} = ∅.

{F } = {S} −
{

R̄
}

(4)

Primárńı vektor koncových sil
{

R̄ab
}

pro prut zat́ıžený osamělou silou urč́ıme podle tab. 11.2c
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(14.10 řádek 2) (tab. 8.1a/2)

{
R̄ab

}
=



X̄ab

Z̄ab

M̄ab

X̄ba

Z̄ba

M̄ba


=



−5000
−8660
12990
−5000
−8660
−12990


[N] (5)

Primárńı vektor koncových sil
{

R̄1
bc
}

pro rovnoměrné zat́ıžeńı sestav́ıme podle tab. 14.10(řádek 11)
(tab. 8.1a/7)

{
R̄1

bc
}

=



X̄1
bc

Z̄1
bc

M̄1
bc

X̄1
cb

Z̄1
cb

M̄1
cb


=



0 0
−9074 − q·a

2·l3

[
2 · l ·

(
l2 − a2)+ a3]

6111 q·a2

12·l2

(
6 · b2 + 3 · a · b+ a · l

)
0 0
−926 − q·a3

2·l3 (l + b)
−1667 − q·a3

12·l3 (3 · b− l)


[N]

Primárńı vektor koncových sil
{

R̄2
bc
}

pro zat́ıžeńı osamělým momentem urč́ıme podle tab. 11.2d
(14.10 řádek 9) (tab. 8.1a/3)

{
R̄2

bc

}
=



X̄2
bc

Z̄2
bc

M̄2
bc

X̄2
cb

Z̄2
cb

M̄2
cb


=



0
−2222

0
0

2222
3333


[N]

Primárńı vektor koncových sil
{

R̄bc
}

{
R̄bc

}
=
{

R̄1
bc
}

+
{

R̄2
bc
}

=



X̄bc

Z̄bc

M̄bc

X̄cb

Z̄cb

M̄cb


=



0
−11296

6111
0

1296
1666


[N] (6)

Zatěžovaćı vektor {F } urč́ıme podle rovnice 4. Pro výpočet využijeme pouze hodnoty odpov́ıdaj́ıćı
neznámým deformaćım ub a ϕb.

{F} = {∅} −
{

−5000 + 0
−12990 + 6111

}
=
{

5000
6879

}

4. Vektor neznámých deformaćı {r} źıskáme řešeńım soustavy np = 2 rovnic o np = 2 neznámých.(
2.88 · 109 0

0 3.456 · 108

)
·

{
ub

ϕb

}
=
{

5000
6879

}
{

ub

ϕb

}
=
{

1.736 · 10−6

19.905 · 10−6

}[
m

rad

]
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5. Nyńı vyřeš́ıme vektor koncových sil.
{

R̂bc

}
je sekundárńı vektor koncových sil (značeno stř́ı̌skou).

Pro řešeńı opět potřebujeme pouze zvýrazněné prvky – sloupce, které maj́ı vztah s neznámými
deformacemi.

{Rab} =
{

R̄ab
}

+
{

R̂ab

}
=
{

R̄ab
}

+ [kab] · {rab} (7)

{Rbc} =
{

R̄bc
}

+
{

R̂bc

}
=
{

R̄bc
}

+ [kbc] · {rbc} (8)

{Rab} =



Xab

Zab

Mab

Xba

Zba

Mba


=



−5000
−8660
12990
−5000
−8660
−12990


+

+



1.44 0 0 −1.44 0 0
0 0.0144 −0.0432 0 −0.0144 −0.0432
0 −0.0432 0.1728 0 0.0432 0.0864

−1.44 0 0 1.44 0 0
0 −0.0144 0.0432 0 0.0144 0.0432
0 −0.0432 0.0864 0 0.0432 0.1728





0
0
0

1.736
0

19.905


· 103

{Rbc} =



Xbc

Zbc

Mbc

Xcb

Zcb

Mcb


=



0
−11296

6111
0

1296
1666


+

+



1.44 0 0 −1.44 0 0
0 0.0144 −0.0432 0 −0.0144 −0.0432
0 −0.0432 0.1728 0 0.0432 0.0864

−1.44 0 0 1.44 0 0
0 −0.0144 0.0432 0 0.0144 0.0432
0 −0.0432 0.0864 0 0.0432 0.1728





1.736
0

19.905
0
0
0


· 103

Násobitel 103 byl źıskán součinem násobitele matice tuhosti 109 a násobitele vektoru deformaćı
10−6.

{Rab} =



Xab

Zab

Mab

Xba

Zba

Mba


=



−7500.16
−9519.90
14709.80
−2500.16
−7800.00
−9550.00


[N,Nm]

{Rbc} =



Xbc

Zbc

Mbc

Xcb

Zcb

Mcb


=



2500
−12156

9550
−2500

2156
3385


[N,Nm]
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Obrázek 4: Kontrola rovnováhy na prutu [kN, kNm]

6. Kontrola rovnováhy na prutu – obr. 4.

Bar a− b∑
Fx = 0 : −7.50 + 10− 2.50 = 0∑
Fz = 0 : −9.52 + 17.32− 7.8 = 0∑
Ma = 0 : 14.71− 17.32 · 3− (−7.8) · 6 + (−9.55) = 0

Bar b− c∑
Fx = 0 : 2.50 + (−2.50) = 0∑
Fz = 0 : −12.16 + 5 · 2 + 2.16 = 0∑
Mb = 0 : 9.55− 5 · 22

2 + 10 + 3.39− 2.16 · 6 = 0

7. Kontrola rovnováhy v bodech a, b a c – obr. 5.

Obrázek 5: Force equilibrium in nodes a, b and c [kN, kNm]

Node a∑
Fxa = 0 : Rax − (−7.50) = 0⇒ Rax = −7.50 kN∑
Fza = 0 : Raz + (−9.52) = 0⇒ Raz = 9.52 kN∑
Ma = 0 : Mc − 14.71 = 0⇒Ma = 14.71 kNm

Node b∑
Fxb = 0 : −2.50 + 2.50 = 0∑
Fzb = 0 : Rbz − 7.80− 12.16 = 0⇒ Rbz = 19.96 kN∑
Mb = 0 : −9.55 + 9.55 = 0

Node c∑
Fxc = 0 : Rcx − (−2.50) = 0⇒ Rcx = −2.50 kN∑
Fzc = 0 : Rcz + 2.16 = 0⇒ Rcz = −2.16 kN∑
Mc = 0 : Mc − 3.39 = 0⇒Mc = 3.39 kNm
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8. Diagramy vnitřńıch sil (N – normálová śıla, V – posouvaj́ıćı śıla, M – ohybový moment) – obr. 6.

Obrázek 6: Vnitřńı śıly
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1.2 2D rám
Obecnou deformačńı metodou vypoč́ıtejte a vykreslete vnitřńı śıly na rovinném rámu na obr. 7. Ma-
teriálové parametry jsou: modul pružnosti E = 24 GPa a koeficient teplotńı roztažnosti αt = 10−5 K−1.

Obrázek 7: Vlevo:2D rám a vpravo: výpočtový model.

Pr̊uřezová plocha prut̊u

Aab = b · h = 0.4 · 0.6 = 0.24 m2

Abc = Acd = b · h = 0.4 · 0.3 = 0.12 m2

Momenty setrvačnosti

Iab
y = 1

12 · b · h
3 = 1

12 · 0.4 · 0.6
3 = 0.0072 m4

Ibc
y = Icd

y = 1
12 · b · h

3 = 1
12 · 0.4 · 0.3

3 = 0.0009 m4

1. stupeň přetvárné neurčitosi
np = 5

2. vektor neznámých deformaćı a styčńıkových sil

{r} =



ub

wb

ϕb

uc

wc


{S} =



0
0

−4 000
−10 000

6 000


[N,Nm] (9)

Obrázek 8: a) globálńı souřadný systém xz, b) lokálńı souřadný systém prutu x?z? a určeńı úhlu γ (ve
směru hodinových ručiček) c) úhel γ pro pruty a-b, b-c a c-d

3. Globáńı matice tuhosti
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(a) prut a-b — tab. 11.4a, úhel γ = 270◦ ⇒ s = −1, c = 0

[kab] =

ua wa ϕa ub wb ϕb

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

−32.4
0

64.8
32.4

0
64.8

0
−1440

0
0

1440
0

−64.8
0

86.4
64.8

0
172.8



ua

wa

ϕa

ub

wb

ϕb

[
·106 N

m
]

(b) prut b-c – lokálńı souřadný systém je totožný s globálńım — můžeme tedy použ́ıt tab. 11.3b

[kbc] = [k?
bc] =

ub wb ϕb uc wc ϕc

1440
0
0

−1440
0
0

0
8.1
−16.2

0
−8.1

0

0
−16.2
32.4

0
16.2

0

−1440
0
0

1440
0
0

0
−8.1
16.2

0
8.1
0

0
0
0
0
0
0



ub

wb

ϕb

uc

wc

ϕc

[
·106 N

m
]

(c) prut c-d — tab. 11.4d, úhel γ = 53.130◦ ⇒ s = 4
5 , c = 3

5

[kcd] =

uc wc ϕc ud wd ϕd

207.36
276.48

0
−207.36
−276.48

0

276.48
368.64

0
−276.48
−368.64

0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.



uc

wc

ϕc

ud

wd

ϕd

[
·106 N

m
]

(d) Globálńı matice tuhosti prutového sytému

[k] =

ub wb ϕb uc wc

32.4 + 1440
0 + 0

64.8 + 0
−1440

0

0 + 0
1440 + 8.1

0 + (−16.2)
0
−8.1

64.8 + 0
0 + (−16.2)
172.8 + 32.4

0
16.2

−1440
0
0

1440 + 207.36
0 + 276.48

0
−8.1
16.2

0 + 276.48
8.1 + 368.64


ub

wb

ϕb

uc

wc

[
·106 N

m
]

[k] =

ub wb ϕb uc wc

1472.4
0

64.8
−1440

0

0
1448.1
−16.2

0
−8.1

64.8
−16.2
205.2

0
16.2

−1440
0
0

1647.36
276.48

0
−8.1
16.2

276.48
376.74


ub

wb

ϕb

uc

wc

[
·106 N

m
]
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4. Lokálńı primárńı vektor koncových sil

(a) prut a-b — tab 11.2a (tab. 14.10 řádek 13)

{
R̄?

ab

}
=



X̄?
ab

Z̄?
ab

M̄?
ab

X̄?
ba

Z̄?
ba

M̄?
ba


=



0
−16
10.6̄

0
−16
−10.6̄


[
·103 N,Nm

]
(10)

– transformace do globálńıho souřadného systému

{
R̄ab

}
=



X̄ab

Z̄ab

M̄ab

X̄ba

Z̄ba

M̄ba


=



−16
0

10.6̄
−16

0
−10.6̄


[
·103 N,Nm

]
(11)

(b) prut b-c — śıla F1: tab. 11.2c (tab. 14.11 řádek 2) a teplotńı zat́ıžeńı t: tab. 11.5b

{
R̄?

bc

}
F1

=
{

R̄bc

}
F1

=



0
−2.75

1.5
0

−1.25
0


[
·103 N,Nm

]
(12)

{
R̄?

bc

}
t =

{
R̄bc

}
t =



57.6
−4.32
8.64
−57.6
4.32

0


[
·103 N,Nm

]
(13)

{
R̄?

bc

}
=
{

R̄bc

}
=



X̄?
bc

Z̄?
bc

M̄?
bc

X̄?
cb

Z̄?
cb

M̄?
cb


=



57.6
−7.07
10.14
−57.6
3.07

0


[
·103 N,Nm

]
(14)

(c) prut c-d — stejné jako prostě podepřený nosńık

{
R̄?

cd

}
=



X̄?
cd

Z̄?
cd

M̄?
cd

X̄?
dc

Z̄?
dc

M̄?
dc


=



−4
−3
0
−4
−3
0


[
·103 N,Nm

]
(15)
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– transformace do globálńıch souřadnic

{
R̄cd

}
=



X̄cd

Z̄cd

M̄cd

X̄dc

Z̄dc

M̄dc


=



0
−5
0
0
−5
0


[
·103 N,Nm

]
(16)

(d) Primárńı vektor prutového systému

{
R̄
}

=



−16 + 57.6
0 + (−7.07)
−10.6̄ + 10.14
−57.6 + 0

3.07 + (−5)


· 103 =



41.6
−7.07
−0.526̄
−57.6
−1.93


[
·103 N,Nm

]
(17)

5. Zatěžovaćı vektor

{F } = {S} −
{

R̄
}

=



0
0
−4
−10

6


· 103 −



41.6
−7.07
−0.526̄
−57.6
−1.93


· 103 =



−41.6
7.07
−3.473̄

47.6
7.93


[
·103 N,Nm

]
(18)

6. Soustava rovnic
[k] · {r} = {F } (19)


1472.4

0
64.8
−1440

0

0
1448.1
−16.2

0
−8.1

64.8
−16.2
205.2

0
16.2

−1440
0
0

1647.36
276.48

0
−8.1
16.2

276.48
376.74

 · 106 ·



ub

wb

ϕb

uc

wc


=



−41.6
7.07
−3.473̄

47.6
7.93


· 103



ub

wb

ϕb

uc

wc


=



39.171
4.429
−26.783
67.736
−27.414


[
·10−6 m, rad

]

7. Vektor koncových sil prutu

{Rab} =
{

R̄ab
}

+
{

R̂ab

}
=
{

R̄ab
}

+ [kab] {rab} (20)

{
R̂ab

}
=



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

−32.4
0

64.8
32.4

0
64.8

0
−1440

0
0

1440
0

−64.8
0

86.4
64.8

0
172.8


·



0
0
0

39.171
4.429
−26.783


=



466.398
−6377.76
224.230
−466.398
6377.76
−2089.822


[N,Nm]

10



{
R̂bc

}
=



1440
0
0

−1440
0
0

0
8.1
−16.2

0
−8.1

0

0
−16.2
32.4

0
16.2

0

−1440
0
0

1440
0
0

0
−8.1
16.2

0
8.1
0

0
0
0
0
0
0


·



39.171
4.429
−26.783
67.736
−27.414

0


=



−41133.6
691.813
−1383.626

41133.6
−691.813

0


[N,Nm]

{
R̂cd

}
=



207.36
276.48

0
−207.36
−276.48

0

276.48
368.64

0
−276.48
−368.64

0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.


·



67.736
−27.414

0
0
0
0


=



6466.314
8621.752

0
−6466.314
−8621.752

0


[N,Nm]

{Rab} =



−15533.602
−6377.76
10890.896̄
−16466.398

6377.76
−12765.4886̄


−−−−−−→transform {R?

ab} =



6377.76
−15533.6
10890.896̄
−6377.76
−16466.398
−12765.4886̄


[N,Nm]

{Rbc} = {R?
bc} =



16466.4
−6378.187
8756.374
−16466.4
2378.187

0


[N,Nm]

{Rcd} =



6466.314
3621.752

0
−6466.314
−13621.752

0


−−−−−−→transform {R?

cd} =



6777.19
−3000

0
−14777.19
−3000

0


[N,Nm]

8. Kontrola rovnováhy na prutu – obr. 9.

Obrázek 9: Force equilibrium on the bar [kN, kNm]

Bar a− b
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∑
Fx = 0 : 6.378 + (−6.378) = 0∑
Fz = 0 : −15.534 + 8 · 4− 16.466 = 0∑
Ma = 0 : 10.891− 8 · 42

2 + (−12.756)− (−16.466) · 4 = 0

Bar b− c∑
Fx = 0 : 16.466 + (−16.466) = 0∑
Fz = 0 : −6.378 + 4 + 2.378 = 0∑
Mb = 0 : 8.756− 4 · 1− 2.378 · 2 = 0

Bar c− d∑
Fx = 0 : 6.777 + 8 + (−14.777) = 0∑
Fz = 0 : −3 + 6 + (−3) = 0∑
Mb = 0 : 6 · 2.5 + (−3) · 5 = 0

9. Kontrola rovnováhy ve styčńıćıch a, b a c a podporových reakćı – obr. 10.

Obrázek 10: Force equilibrium in nodes a, b, c and d [kN, kNm]

Node a∑
Fxa = 0 : Rax − (−15.534) = 0⇒ Rax = −15.534 kN∑
Fza = 0 : Raz + (−6.378) = 0⇒ Raz = 6.378 kN∑
Ma = 0 : Ma − 10.891 = 0⇒Ma = 10.891 kNm

Node b∑
Fxb = 0 : −16.466 + 16.466 = 0∑
Fzb = 0 : 6.378 + (−6.378) = 0∑
Mb = 0 : 8.756 + 4 + (−12.765) = 0

Node c∑
Fxc = 0 : −16.466 + 10 + 6.466 = 0∑
Fzc = 0 : −2.378 + 6 + (−3.622) = 0

Node d∑
Fxd = 0 : Rdx − (−6.466) = 0⇒ Rdx = −6.466 kN∑
Fzd = 0 : Rdz + (−13.622) = 0⇒ Rdz = −13.622 kN

12



Obrázek 11: Vnitřńı śıly rovinného rámu – N, V, M

10. Diagramy vnitřńıch sil obr. 11.
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1.3 Př́ıhradová konstrukce
Obecnou deformačńı metodou vyřešte vnitřńı śıly na jednoduché př́ıhradové konstrukci. Pr̊uřezová plocha
prut̊u je A = 15 · 10−4 m2 a modul pružnosti E = 210 GPa.

Obrázek 12: Př́ıhradová konstrukce a výpočtový model

1. Určeńı minimálńıho stupně přetvárné neurčitosi np a výpočtový model. Z obrázku 12 vpravo vyplývá
stupeň přetvárné neurčitosti np = 3.

2. Globálńı vektor parametr̊u deformace r (neznámé deformace) a jemu odpov́ıdaj́ıćı globálńı vektor
uzlového (styčńıkového) zat́ıžeńı S.

{r} =


u1

w1

u2

 (21)

Vektor uzlových zat́ıžeńı obsahuje śıly odpov́ıdaj́ıćı deformaćım obsaženým ve vektoru neznámých
deformaćı. Deformaci u1 ve směru globálńı osy x ve styčńıku 1 odpov́ıdá śıla 5000 N. Ve styčńıku 3
se nenacháźı žádná śıla ve směru osy x ve směru posunu u3, proto 0.

{S} =


5000
20000

0

 [N] (22)

3. Výpočet globálńıch matic tuhosti pro jednotlivé pruty (voĺım pruty 2-1, 1-3, 2-3) a sestaveńı globálńı
matice tuhosti prutové soustavy.
Protože jsou všechny pruty oboustranně kloubově připojené (kloub-kloub), budou následuj́ıćı matice
tuhosti zjednodušeny na matice 4× 4. Pro výpočet matic tuhosti šikmých prut̊u použijeme tabulku
8.2d.

Obrázek 13: Úhly natočeńı jednotlivých prut̊u

Parametry pro prut 2-1 – l = 2.5 m, s = − 4
5 a c = 3

5 .

[k21] =

u2 w2 u1 w1
.

.

.

.

.

.

.

.

−45.36
60.48
45.36
-60.48

60.48
−80.64
-60.48
80.64


u2

w2

u1

w1

· 106 [N
m
]

14



Parametry pro prut 1-3 – l = 2.5 m, s = 4
5 a c = 3

5 .

[k13] =

u1 w1 u3 w3
45.36
60.48
-45.36
−60.48

60.48
80.64
-60.48
−80.64

-45.36
-60.48
45.36
60.48

.

.

.

.


u1

w1

u3

w3

· 106 [N
m
]

Lokálńı i globálńı souřadný systém prutu 2-3 jsou totožné, proto můžeme použ́ıt tabulku 8.3d pro
lokálńı matice tuhosti prutu.

[k23] =

u2 w2 u3 w3
.

.

.

.

.

.

.

.

−105
0

105
0

.

.

.

.


u2

w2

u3

w3

· 106 [N
m
]

Globálńı matici tuhosti soustavy prut̊u źıskáme sečteńım př́ıslušných tuhost́ı pro naše neznámé
deformace (šedá poĺıčka v matićıch tuhost́ı). Vznikne tak matice o velikosti np × np.

[k] =



45.36
+45.36

−60.48
+60.48

−45.36

−60.48
+60.48

80.64
+80.64

−60.48

−45.36 −60.48 45.36
+105


· 106 =

 90.72 0 −45.36
0 161.28 −60.48

−45.36 −60.48 150.36

 · 106 (23)

4. Řešeńı soustavy lineárńıch rovnic (např. Gaussova eliminačńı metoda):

[k] · {r} = {F } (24)

Protože se jedná o př́ıhradovou konstrukci, kde je zat́ıžeńı soustředěno ve styčńıćıch, vektor sil {F }
je roven vektoru uzlových zat́ıžeńı.

{F } = {S} (25)

 90.72 0 −45.36
0 161.28 −60.48

−45.36 −60.48 150.36




u1

w1

u2

 =


5000
20000

0

 [N] (26)

Vyřešeńım soustavy źıskáváme neznámé deformace konstrukce:
u1

w1

u2

 =


1.027337
1.597222
0.952381

 · 10−4 [m] (27)

5. Výpočet globálńıch vektor̊u výsledných koncových sil a jejich transformace do lokálńıho souřadného
systému jednotlivých prut̊u. Výsledné koncové śıly jsou rovny sekundárńım koncovým silám, protože
konstrukce neobsahuje zat́ıžeńı na prutech (vektory primárńıch koncových sil jsou nulové).

Rab = R̂ab (28)

[R21] =


.

.

.

.

.

.

.

.

−45.36
60.48
45.36
−60.48

60.48
−80.64
−60.48
80.64

 ·


0
0

1.027337
1.597222

 · 102 =


5000
−6666.6̄
−5000
6666.6̄

 [N]
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Pozor na vliv zaokrouhlováńı! Při použit́ı {r21} = {0, 0, 103, 160}T·10−6 dostaneme vektor výsledných
koncových sil {R21} = {5004.72,−6672.96,−5004.72, 6672.96}T.

[R13] =


45.36
60.48
−45.36
−60.48

60.48
80.64
−60.48
−80.64

−45.36
−60.48
45.36
60.48

.

.

.

.

 ·


1.027337
1.597222
0.952381

0

 · 102 =


10000

13333.3̄
−10000
−13333.3̄

 [N]

Pozor na vliv zaokrouhlováńı! Při použit́ı {r13} = {103, 160, 95, 0}T · 10−6 dostaneme vektor
výsledných koncových sil {R13} = {10039.68, 13386.24,−10039.68,−13386.34}T.

[R23] =


.

.

.

.

.

.

.

.

−105
0

105
0

.

.

.

.

 ·


0
0

0.952381
0

 · 102 =


−10000

0
10000

0

 [N]

Pozor na vliv zaokrouhlováńı! Při použit́ı {r23} = {0, 0, 95, 0}T ·10−6 dostaneme vektor výsledných
koncových sil {R23} = {−9975, 0, 9975, 0}T.
Śıly v globálńıch vektorech výsledných koncových sil můžeme vykreslit př́ımo do př́ıslušných styčńık̊u
a pomoćı rozkladu sil źıskat osové śıly na prutech, což je to samé jako provedeńı transformace:

R∗
ab = TabRab (29)

{R∗
21} =


3/5 −4/5 0 0
4/5 3/5 0 0
0 0 3/5 −4/5
0 0 4/5 3/5




5000
−6666.6̄
−5000
6666.6̄

 =


8333.3̄

0
−8333.3̄

0



{R∗
21} =


3/5 4/5 0 0
−4/5 3/5 0 0

0 0 3/5 4/5
0 0 −4/5 3/5




10000
13333.3̄
−10000
−13333.3̄

 =


16666.6̄

0
−16666.6̄

0


6. Vykresleńı vnitřńıch sil na konstrukci.

Obrázek 14: Globálńı a lokálńı výsledké koncové śıly na jednotlivých prutech

Pozn. 1: Protože se jedná o jednoduchou staticky určitou konstrukci, můžete provést kontrolu výsledk̊u
pomoćı styčńıkové metody (viz Základy stavebńı mechaniky).

Pozn. 2: Pokud by se měly poč́ıtat pouze deformace, stač́ı vyč́ıslovat pouze šedá poĺıčka matic tuhosti a
primárńıch vektor̊u. Pokud se poč́ıtá celý př́ıklad, je potřeba vyč́ıslit celé sloupce matic tuhosti
nálež́ıćı neznámým deformaćım a celé primárńı vektory.

Pozn. 3: Pro výpočty sin a cos je obvykle (školńı př́ıklady) výhodněǰśı zápis poměrem stran pravoúhlého
trojúhelńıku než přepočet přes úhel (obvykle pěkné zlomky =⇒ menš́ı zaokrouhlovaćı chyby).
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Obrázek 15: Normálové śıly př́ıhradové konstrukce
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